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Abstract

We propose PACE-GGM, a data-adaptive differentially private method for covari-
ance estimation that concentrates its privacy budget on the most informative entries
of the empirical covariance matrix, rather than perturbing all entries. This applies
in the natural setting where the modeler supplies separate bounds for each variable,
so that individual entries can be measured with less noise than the full matrix. In
each round, our method selects a poorly approximated entry, measures it using
the Gaussian mechanism, and then reconstructs a full covariance matrix using a
maximum-entropy reconstruction objective, leading to a Gaussian graphical model
structure. Experiments on diverse real-world datasets demonstrate consistent im-
provements in estimation error with respect to the Gaussian mechanism and other
baselines, particularly in high-dimensional and low-to-moderate privacy regimes.

1 Introduction

Covariance estimation is a fundamental primitive in statistics and machine learning, underpinning
tasks such as regression, principal component analysis, and multivariate modeling. In settings
involving sensitive data, differential privacy (DP) provides a rigorous framework for releasing
covariance estimates while protecting individual-level information. A canonical approach to private
covariance estimation is to use the Gaussian mechanism to add noise to each of the d(d + 1)/2
distinct entries of the empirical covariance matrix of d-dimensional data records, with sensitivity
computed from an assumed bound on the {5 norm of a data record. This approach was pioneered
in [14]] and is used as a core routine in many other algorithms [26} 29, 2| |5} [19].

However, in many applications it is more natural to assume coordinate-wise bounds rather than an a
priori bound on the /5 norm of a full data record, and in this setting measuring individual entries can
be substantially cheaper, from a privacy perspective, than perturbing the entire matrix. For example,
assuming the ith coordinate of each data record has magnitude at most 1, the sensitivity of an invidual
entry of the covariance matrix is a factor of d/ v/2 smaller than that of the full matrix, so it can be
measured more precisely than the full matrix for the same privacy budget. This observation raises
a natural question: can we design an algorithm that selectively measures a subset of entries of the
empirical covariance matrix and uses them to reconstruct a full matrix? Selective measurement
methods are widely used in differential privacy for query answering and synthetic data generation and
often give state-of-the-art performance at realistic privacy budgets [21}120, 3} 133,19, 22} [15]. Applying
this principle to covariance estimation requires both an adaptive selection procedure and a principled
reconstruction method.

We propose private adaptive covariance estimation via Gaussian graphical models (PACE-GGM)
which iteratively selects the worst approximated entries, privately measures them via the Gaussian
mechanism, and reconstructs the full covariance matrix using a new maximum-entropy reconstruction
method. This connects to the classical covariance selection problem of Dempster [12]], yielding
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estimates with sparse precision matrices. Empirically, PACE-GGM outperforms the Gaussian
mechanism and other existing methods, with gains most pronounced in the high-dimensional or
low-to-moderate privacy budget regime.

2 Related Work

Differentially private covariance estimation The canonical approach to private covariance estima-
tion is the Gaussian mechanism, introduced by Dwork et al. [14]: a symmetric Gaussian noise matrix
is added to the empirical covariance, with noise applied to all entries and noise scale calibrated to the
data only through global sensitivity. The same method is often called “sufficient statistic perturba-
tion” (SSP) in private parametric statistical estimation, especially for linear regression [29]], and we
often use this name for brevity. While simple and computationally efficient, SSP is fundamentally
data-independent: the same noise scale is used to perturb every entry regardless of its magnitude or
importance, and the output is not guaranteed to be positive semidefinite (PSD).

Biswas et al. [5] propose CoinPress, which builds on [17] and assumes a conservative prior spectral
bound on the population covariance and iteratively clips data and shrinks this bound to reduce
sensitivity, but still privatizes the full d x d matrix each iteration via the Gaussian mechanism. Wang
and Xu [28]] study the high-dimensional sparse setting and propose DP-Thresholding: Gaussian
noise is added to all entries of the empirical covariance, and a deterministic hard-thresholding step
is applied in post-processing to exploit the assumed sparsity of the true covariance. The privacy
budget is spent on the full matrix, with sparsity used only to reduce estimation error. Dong et al. [13]
propose SeparateCov and AdaptiveCov, which improve over SSP in the high-dimensional regime by
decoupling eigenvalue and eigenvector estimation. AdaptiveCov further selects the best between two
different estimators. Despite the structural decomposition, both algorithms still involve a step that
privatizes the full covariance matrix, and the adaptivity operates at the level of estimator selection,
not entry measurement.

In contrast, PACE-GGM is the first method to privately and adaptively select which entries to
measure based on the data. By concentrating the privacy budget on the entries that are most poorly
approximated by the current estimate, and recovering the remaining entries through maximum-
entropy reconstruction, PACE-GGM avoids spending budget on entries that cannot be measured
informatively.

Gaussian graphical models and covariance selection The maximum-entropy reconstruction at the
heart of PACE-GGM is directly connected to the classical theory of Gaussian graphical models [18].
Dempster [[12] showed that the maximum likelihood estimator of a Gaussian distribution subject to
a fixed sparsity pattern S on the precision matrix K = X! is equivalent to the maximum-entropy
PSD completion of the observed entries in S, with K = 0 automatically for all (j, k) ¢ S. This is
the covariance selection problem, and the solution is known to be a Gaussian graphical model with
independence graph determined by S [18]. PACE-GGM extends this classical framework to the
private adaptive measurements setting where the algorithm selects .S privately and iteratively using
the exponential mechanism, and observes entries with Gaussian noise rather than exactly.

3 Background

We work under zero-concentrated differential privacy (zCDP) [7] in the bounded DP model, where
X € X" denotes a dataset of n records from the data universe X.

Definition 3.1 (Neighboring datasets). Two datasets X, X' € X™ are neighboring (X ~ X') if they
differ in a single record.

Definition 3.2 (p-zCDP [[7]). A randomized mechanism M satisfies p-zCDP if for all X ~ X' and
all v > 1,

Dy (M(X)IM(XT)) < pv,
where D, (M(X)||M(X")) is the v-Rényi divergence between the distributions of M(X) and
M(X).
Definition 3.3 (¢, sensitivity). The (o sensitivity of f : X™ — R%is A(f) = maxxx/ || f(X) —
X2



Proposition 3.4 (Gaussian mechanism [7]). Let f : X™ — RY be a function with {5 sensitivity A(f).
The mechanism M(X) = f(X) + N(0,02%1,) satisfies A2(f2) -zCDP.

oa

Proposition 3.5 (Exponential mechanism [23L[7]]). Let score,.(X) be a quality score with sensitivity A.
The mechanism that selects r with probability proportional to exp(iscorer (X )) satisfies %-zCDP.

Proposition 3.6 (Composition and post-processing [7, 30l]). If M1 satisfies p1-zCDP and M,
satisfies p2-zCDP, their (possibly adaptive) composition satisfies (p1+ p2)-zCDP. Any post-processing
of a p-zCDP mechanism satisfies p-zCDP.

Lemma 3.7 (zCDP to approximate DP [7]). If M satisfies p-zCDP, then for any § > 0 it satisfies

(p+2+/pIn(1/6), 6)-DP.
4 Method

4.1 Problem setup and motivation

Setup Assume we have a dataset X € R™*¢ with rows (1), ..., 2(™ corresponding to individual
records and a user-supplied coordinate-wise bound |z;| < B for each possible data record x and
coordinate j. The user must guarantee these bounds either using domain knowledge or by clipping
the data or discarding records that violate them. If different bounds are supplied for each coordinate,
the columns of X can be rescaled to use a common bound B. We focus on estimating the empirical
second-moment matrix 3(X) = %X T X under p-zCDP. Throughout this work we assume the data
is centered (or equivalently that the population mean is zero), so that ¥(X) coincides with the
empirical covariance matrix. More generally, one could privately estimate the mean and use the
plug-in covariance estimator ~X " X — pu ", but we omit this step for simplicity. While we focus
on estimating the empirical covariance, such a routine is also useful for estimating the population
covariance under a statistical model in the many cases where 3(X) is a natural estimator of the
population covariance.

Motivation for selective measurement Our coordinate-wise bounding assumption is equivalent to
the /., bound ||z||oc < B. This is natural whenever features are independently bounded, e.g., tabular
datasets with clipped or normalized attributes, measurements with known reference ranges, or any
setting where each feature is pre-processed to lie within a fixed interval (which after rescaling maps to
[~ B, B]). In this setting, the sensitivity of a single entry of X(X) is 2B?/n, while the sensitivity of
the full matrix is v/2d B2 /n (see Appendix , so a single entry can be measured with noise standard
deviation a factor of d/+/2 smaller than that required to measure the full matrix for the same privacy
budget. This motivates the idea of selectively measuring a subset of entries that are most important.

Most prior covariance estimation methods assume an 5 bound ||z||2 < C on the data. In this case,

the sensitivity of a single entry is about the same as the full matrix (C2/n vs. v/2C?2/n), so it does
not appear helpful to measure a subset of entries. To understand the apparent discrepancy, suppose the
modeler knows only ||z]|.. < B and needs to derive an ¢» bound. Since each entry of = could have

magnitude B, the tightest bound is ||z[ls < C' = V/dB: this yields the same sensitivity of v/2dB2/n
for the full matrix but a now loose bound of d B2 /n for a single entry.

To summarize, if the user starts by knowing only coordinate-wise bounds, which is a very natural
setting, then measuring individual entries can save privacy budget relative to measuring the full
matrix. However, this possibility may be obscured if the user uses the ¢, bound to convert to an {5
bound. On the other hand, if the user truly knows a tight ¢5 bound, e.g., |z||2 < C where C' is not
much bigger than the ¢, bound ||z||.c < B—informally, this requires prior knowledge that not too
many entries of  can be large simultaneously—then measuring individual entries is not likely to be
helpful compared to measuring the full matrix.

4.2 The PACE-GGM algorithm

Our proposed method for private adaptive covariance estimation via Gaussian graphical models
(PACE-GGM) is shown in Algorithm[I} PACE-GGM is based on the select-measure-reconstruct
paradigm used throughout the adaptive query release and synthetic data generation literature [21}
20L 31133 9 22, [15]], and in particular on AIM (adaptive iterative mechanism), a state-of-the-art



method for synthetic data and marginal query answering [22]. PACE-GGM initially uses a portion
of the privacy budget to measure all diagonal elements of ¥ and form an initial estimate $(0)
(Algorithm . Throughout the algorithm, it maintains a set of noisy measurements {y;} of matrix
entries together with the values {\;} representing the precision (inverse variance) of each y,. It
then iteratively follows the select-measure-reconstruct framework. In each iteration, it first selects an
entry X, that is poorly approximated by the current estimate using the exponential mechanism. It
then measures the selected entry with the Gaussian mechanism and updates the precision-weighted
average measurement ¥/, and precision A;, for that entry. Finally, it reconstructs a new covariance

estimate 3(*) by solving an optimization problem to find the maximum entropy PSD matrix among all
minimizers of a reconstruction error that is equivalent to the negative log-likelihood of the observed
measurements.

The sensitive data X is only accessed in the select and measure steps. These steps use the exponential
and Gaussian mechanisms together with a zZCDP composition analysis similar to the one in AIM [22]
to prove that the whole procedure satisfies p-zCDP. We return to the details in Section after
describing our maximum entropy reconstruction method, which is a key innovation to enable adaptive
covariance estimation.

Algorithm 1 PACE-GGM

Require: Data X € R™*4 max rounds T, budget p, coordinate-wise bound B, parameters «, 5
Ensure: Private covariance estimate 3
1: Per-entry sensitivity A < 2B2/n
2: Initialize measurements {y; }, precisions { ).}, estimate 3(*) using Algorithmwith budget
Pdiag = QP
3: Pused < Pdiag Pper-round — (P - pused)/T Psel < Bpper—round Pmeas < (]- - 6)pperfround
4: 1+ 0
5: while pyseq < p do
6
7

t+t+1
Select entry (j, k) via exponential mechanism with pg; and worst-approx. score function:

. € . . & (t—
Pr(select (j, k)) o< exp (55 -er(k)) s €= v/Bpar,  err(j,k) = |Z50(X) = 7

8: Measure X ;;, with budget ppeqs and update precision-weighted average measurement:
Zjk < ij(X) +N(0a 0752)7 0752 = AZ/(2l)meas)

-2 -2 —2
Yik < Niryie 00" 2ik)[(Aje +0777), Ajr = Ajr 0y
9: Reconstruct covariance matrix via maximum-entropy reconstruction:

. . ] )
»® « argmax{log %] : ¥ € arg Vr‘r/utr(l)z Nk (Wi — yjn)*}
Jjzk
10: Pused < Pused + Psel + Pmeas
11 Anneal budgets using Algorithm 3]

12: end while
13: return X

Algorithm 2 Initialization
I: Aj < 0, y;5 < Oforall j >k Algorithm 3 Budget annealing

2: 02 = A%/(2pdiag/d oot w(-1)

s for j = 1/t(o ddgi/ ) ; if |2, ;%jk | <V 2(/3 Zt then

4 Yjj ij2(X) _1_./\/‘(070.2) 3 endpisfel Psel  Pmeas Pmeas

2: endi‘gf% 7 4 1f (p — pused) < 2(psel + Pmeas) then

: €l 5: — — Dus as — (1— — Pus
7: 8O« diag(y11 V0, ... ,yaa V 0) 6: endpisfel Blp=pusca) - Pmcas 4= (1=0)(p = pusea)
8: return {y;.}, {\;r.}, (¥




4.3 Maximum-entropy covariance reconstruction

General problem Suppose we are given noisy observations of some entries of a PSD matrix X,
including all of the diagonal entries:

where S is a set of ordered pairs (j, k) with j > k and (j,j) € S for all j. This setup assumes
that the diagonal entries are always observed, and additionally some entries in the lower triangle
are observed; the upper triangle is determined by symmetry. We further assume that each entry is
measured at most once; we show below that this is without loss of generality.

Our reconstruction objective is to solve the following bilevel optimization problem:

. 1
maxlog|X| st X €arg min LW), LW)= Z — (Wi — yjn)* 2)

(.k)es = Ik

The inner objective £L(V) is the negative log-likelihood of the observations {y;x }(; r)es under
covariance matrix W plus a constant. Thus, the inner optimization seeks the PSD matrix that
maximizes the log-likelihood of the measurements. The outer objective selects the minimizer
of L(W) with the largest log-determinant. This is equivalent to finding the maximum-entropy
distribution whose covariance matrix minimizes £(W): for any W = 0, the distribution A/ (0, W)
has maximum differential entropy over all distributions on R? with the same covariance, and its
entropy is % log |W| plus a constant [10]]. Entropy is a measure of smoothness of a distribution and is
often used to select the simplest explanation matching a set of observations [[12].

Our problem is closely connected to Dempster’s covariance selection framework [12] and Gaussian
graphical models (GGMs) [18]]. If 75 — 0 for all (j, k) € S the inner objective requires Wz — ;i
and the problem becomes the covariance selection problem, which is to find the maximum entropy
completion of a partially specified covariance matrix. Our problem is a generalization where
observations are noisy, so the inner optimization seeks to maximize likelihood rather than constrain
W to exactly match observations. Dempster showed that the covariance selection problem has a
unique solution with a sparse inverse. Our problem shares this structure:

Proposition 4.1. Suppose arg miny»o L(W) contains a positive definite matrix. Then Problem

has a unique solution ¥* and K* = (X*)~! satisfies K3, = 0for (j, k), (k,j) ¢ S.

Proof sketch. It can be shown that there are unique values (a;x ) (;,x)es such that W minimizes £(WV)
if and only if Wj;, = a,, for all (j, k) € S. The result then follows from [12]. O

The full proof is given in Appendix [B.1] If arg minyy o £(W) does not contain a positive definite
matrix, the problem is ill posed and the optimal value is —oco; we discuss further below and in[B.2]

Proposition .| is a useful structural property and says that the solution is the covariance matrix of
a Gaussian graphical model, which satisfies certain conditional independence properties [18]]. For
example, if X ~ A(0,X*), then X; and X}, are conditionally indpendent given the other variables
whenever K7, = 0, i.e., whenever the entries (j, k) and (, j) are not observed. In practice, our
optimizer will solve Problem 2] to within a numerical tolerance such that the inverse is not exactly
sparse, though it is likely possible to design optimizers that enforce sparsity exactly.

Application to PACE-GGM It is easy to see that whenever PACE-GGM measures each entry at
most once, the measurements {y;y. } fit the model in Equation () with 77, = )\;kl and S = {(j,k) :
Ajr > 0}, giving the objective in the algorithm:

LOV) = D Mk Wik —wsu)®, S ={0k): Ajx >0}
(4,k)€S

Now we will show that this objective is also correct when y;;, is the inverse-variance weighted average
of multiple measurements and )y, is the combined precision.



Proposition 4.2. Let L(W) = Zthl gz (Wi, — 2t)? be the log-likelihood of a sequence of noisy
t

measurements z; = %j,, + N(0,07) fort = 1,...,T. This can be rewritten as
LW) = Z Xjk Wik = yji)® + C,
(4:k)es

where Tjk = {t : (jt7kt) = (.]a k)}’ Ajk = EteTjk Ut_z, Yjk = >\J_k1 EteTjk O't_ZZt, S = {(]7 k‘) :
T # 0}, and C is a constant independent of W.

The proof is in Appendix PACE-GGM maintains the precision-weighted average y;; and
combined precision A;, for each entry and updates them with each new measurement.

4.4 Solving the reconstruction problem

Optimization approach There are multiple possible approaches to solve Problem 2] One option
is a two-stage approach suggested by the proof of Proposition .1} first solve the inner problem to
find any minimizer W*, extract the unique values a;; = W7, for (j, k) € S, and then solve the
covariance selection problem with (a, k.)( j.k)es as the observed entries. However, we found this to
be unstable in practice: with noisy enough observations, it is often the case that every matrix in
argminy, . o L(W) is singular and therefore the covariance selection problem is ill posed (for details,
see the discussion in Appendix[B.2).

Instead, we propose an interior point method where 3 is parameterized by a Cholesky factor (IPM-
CHOLESKY). The interior point method solves a sequence of strictly convex barrier-penalized
problems and provides a clean way to handle ill posed problems. For y > 0, define

¥, = argmin(L(W) — plog [W]). 3)

W0

It can be shown that X7 is uniquely determined for each 1 > 0 and converges to a unique ¥* €
argming, . o L(W) as p — 0 [[6]. When the condition of Propositionholds, >>* is the unique
positive definite solution to Problem @ When the condition does not hold, all minimizers have

entropy of —oo; selecting X2* is well motivated as it is the limit of a sequence of entropy regularized
solutions.

It remains to solve the barrier-penalized problem (3). To handle the PSD constraint, we parame-
terize ¥ via its Cholesky decomposition ¥ = LL T, where L is lower triangular with nonnegative
diagonal entries. The log-determinant becomes log |3| = 2 Z?Zl log L;;. Then, for a sequence of
geometrically decreasing values of 1, we minimize the barrier-penalized objective

LLT )5k — yin)? d
puny= 3 LT oS 0, @
(G,k)es ik j=1

via L-BFGS-B on ¢,, with bound constraints L;; > 0. A downside is that ¢, (L) is not convex in L,
so global convergence is not guaranteed. However, we found performance to be excellent in practice,
and this method is closely related to Burer-Monteiro methods for semidefinite programming [8]], which
are widely reported to perform well in practice and provably converge under certain conditions [16].
Notably, the per-iteration cost to compute ¢,,(L) and its gradient is only O(|.S| d)—dominated by
the time to compute (LL" )y for each (j,k) € S—and, if S is sparse, avoids the typical ©(d?)
per-iteration cost for dealing with PSD matrices.

Sparsity-aware optimization The set .S determines a graph G on the vertex set {1,...,d} with
an edge (j, k) whenever (j, k) € S. Problem 2]is closely related to sparse matrix nearness [27] and
covariance selection [[L1]] problems. By embedding G in a chordal graph with maximal cliques of size
di,...,dn, relevant linear algebraic operations can be performed in time O(>_'", d3) via clique
trees rather than O(d®) time needed for dense matrices, which is beneficial when the cliques are small.
We explored such methods and found them promising for very large problems, but they required
non-trivial adaptations and yielded at most modest gains at the scales considered here (d < 260), so
we leave further exploration to future work.



On the other hand, since PACE-GGM starts with only diagonal measurements and then adds a single
entry per round, the measurement sets .S are often extremely sparse, and we found that a simple
decomposition based on connected components yielded significant gains. Suppose G has connected
components V1, ..., Vi. Since S contains no edges between components, £(WW') depends only on the
diagonal blocks Wy, v,. Among feasible W, Fischer’s inequality |W| < ], |Wv;, v,| (with equality
iff W is block diagonal) implies the maximum of log |W]| is attained at a block-diagonal matrix.
Hence ¥* is block diagonal and each block solves an independent instance of Problem[2Jon V;. In the
extreme case where .S contains only the diagonal entries, each block is a single vertex, so the solution

is simply the diagonal matrix with entries y/;; \VV 0 (cf. £(°) in Algorithm .

4.5 Budget annealing

A key challenge in adaptive measurement algorithms is deciding how many measurements to make
vs. relying on reconstruction to fill in unmeasured quantities. A good choice typically depends on the
privacy budget, the problem size, and data properties. A key contribution of AIM was to introduce a
budget annealing strategy to address this challenge [22], which we adapt here (Algorithm [3). We
start with a per-round budget that would allow running for up to 7" rounds, where 7" is a generous
bound set by the user. Then, in Line 1 of Algorithm 3] the procedure checks how much the estimate

X% changes compared to the previous round after XJ; is measured. If the change is small relative to

the noise standard deviation o, (the quantity \/2/7 oy is E[|¢|] for € ~ AN/(0, 0?)), it indicates the
current noise is too large to provide informative measurements, so the per-round privacy budgets are
increased (Line 2). This will lead to fewer but more informative future measurements. Lines 4—6 of
Algorithm 3] are a simple measure to ensure the privacy budget is fully exhausted in the final round.

4.6 Privacy guarantee

Theorem 4.3 (Privacy of Algorithm([I). Algorithm(l]satisfies p-zCDP.

Proof. We analyze each phase separately and apply zCDP composition (Proposition [3.6). Recall that
the sensitivity of each entry of ¥ is A = 2B2/n (Appendix .

Phase 1. Each diagonal entry is released via the Gaussian mechanism with sensitivity A and per-entry
budget pdiag/d, satisfying (pdiag/d)-zCDP per entry. By composition over d independent releases,
Phase 1 satisfies pqiag-ZCDP where pgiag = ap.

() _zCDP

Phase 2. Each round ¢ consists of (i) an exponential mechanism selection step satisfying pg

and (ii) a Gaussian mechanism measurement step satisfying pfﬁéas-zCDP. Since the selection at round

t+1 depends on the output of round ¢, this is an adaptive composition; by Whitehouse et al. [30],

each round satisfies ( pii)l + pgflias)-zCDP. The algorithm tracks cumulative expenditure p,seq and

enforces Zt(pi?l + pfﬁéas) <(1—-a)p.

Therefore the total privacy cost across both phases is at most p. The maximum entropy reconstruction
step is post-processing and incurs no additional privacy cost (Proposition [3.6)). O

5 Experiments

We evaluate PACE-GGM on real-world datasets to assess its ability to accurately estimate covariance
matrices under zCDP across a range of privacy budgets compared to non-adaptive baselines. We work
with diverse datasets with dimensionality ranging from d = 6 to d = 260. Appendix [D|provides
detailed dataset descriptions, including key structural properties in Table [3] For each dataset, we
remove rows with missing values, and rescale all features to [—1, 1] coordinate-wise, so that the
{-ball constraint ||z].c < B = 1 holds. To isolate the covariance estimation component, we
assume the mean is known and use it to center the data. In practice, part of the privacy budget
would be allocated to mean estimation. The datasets have a wide range of empirical covariance
structures: the fraction of the squared Frobenius norm of ¥ that comes from off-diagonal entries
(eor) varies from near-zero for adult (0.018) and thyroid_ann (0.026), which are approximately
diagonal, to 0.89 for communities_crime, where off-diagonal structure dominates. This diversity
helps investigate estimation under varying underlying structure.



We evaluate PACE-GGM over privacy budgets p € {1074,1073,1072,1071,1,2,10}. We set
a = 0.3 (fraction of budget for diagonal initialization) and 8 = 0.5 (fraction of per-round budget for
entry selection). An ablation study is included in Appendix [l The maximum number of rounds is
settoT = |2-d(d — 1)/2], allowing up to twice as many measurements as there are off-diagonal
entries. Remeasurement of previously measured entries, including the diagonal entries, is allowed.
All experiments use the IPM-CHOLESKY solver (Algorithm ] Appendix [C). Each configuration is
repeated for 10 independent trials using pre-specified random seeds.

Error metrics We report two complementary metrics: (i) Mahalanobis error |[£~1/255-1/2 —
I|| 7, which measures shape accuracy by normalizing entry-wise error relative to the true covariance

structure and is invariant to affine transformations; and (ii) Frobenius error |X — X||F, which
measures entry-wise accuracy directly.

Baselines We compare PACE-GGM against several baselines. SSP (Sufficient Statistic Pertur-
bation) applies the Gaussian mechanism to all d(d + 1)/2 entries of ¥ using the full budget p and
full-matrix sensitivity [14]. AdaptiveCov [I13] selects between an SSP estimator (GaussCov) and a
spectral approach (SeparateCov) that privatizes eigenvalues and eigenvectors via Gaussian mecha-
nisms and reconstructs the covariance; here, adaptivity refers to mechanism selection rather than
entry-wise selection. Finally, a diagonal-only baseline allocates the entire budget to the d diagonal
entries (with p/d per entry), sets off-diagonal entries to zero, and projects the result to the PSD cone,
illustrating the cost of ignoring correlations (Appendix

5.1 Results

Figure [I| shows results for 5 of the 14 datasets across d. Appendix [E| includes results for all
datasets. PACE-GGM overall outperforms SSP and often achieves lower error than AdaptiveCov on
both metrics. This illustrates that PACE-GGM is competitive with state-of-the-art DP covariance
estimators, often with the lowest error in the high-privacy (low p) regime, and as dimension increases.

Two additional findings are reported in Appendix [F} First, we show that the maximum-entropy
criterion consistently selects a high quality solution among all optimizers of the reconstruction
objective L(W'), while simply minimizing the objective via projected gradient descent (PGD) yields a
solution that is sensitive to initialization and may be much worse than the maximum-entropy solution.
Second, we show that exploiting sparsity in the measurement graph via connected components
accelerates optimization without affecting estimation accuracy.

Table[T]reports the average number of off-diagonal entries measured (lower triangle) across datasets
and p values. Three patterns emerge:

Measurements grow with p. As privacy budget increases, PACE-GGM measures more off-diagonal
entries across all datasets. At p = 10~%, essentially only the diagonal and a handful of off-diagonal
entries are ever selected; as p increases, the algorithm makes progressively more measurements.

Sparsity grows with d. As d increases, PACE-GGM measures a very small fraction of available
off-diagonal entries. At p = 10, the fraction ranges from 87% for adult (d = 6, 12 out of 15 off-
diagonal pairs) down to 0.1% for madeline (d = 260, 39 out of 33,930). This sparsity shows how
PACE-GGM concentrates the privacy budget on the entries that both carry significant information
and can be measured informatively. The larger d, the more this selective allocation matters, which
explains why the advantage over SSP grows with dimensionality.

Measurements concentrate where covariance is denser. The number of selected entries is also
governed by the density of the underlying covariance. We quantify density via eor = || Soft || % /||| %
the fraction of squared Frobenius norm from off-diagonal entries. At p = 10, communities_crime
(d = 102, eor = 89.5%) requires 255 off-diagonal measurements, more than six times as many
as madeline (d = 260, e;x = 24.8%) despite having less than half the dimension. PACE-
GGM allocates more measurements where e.g is higher, which demonstrates that it adapts to

2CoinPress [3] is another well known private covariance estimator, where the main idea is to iteratively refine bounds on
the scale of covariance matrix when only a coarse upper bound is available, so the empirical covariance can be measured
(using SSP) with less noise. In preliminary experiments, CoinPress performed poorly in our setup. However, it is essentially
solving an orthogonal problem to ours (finding the right scale for clipping data), which may be less relevant in our setting
where we already provide tight £ bounds on the data, so we do not include it in our empirical comparisons.



Dataset d A 5074 p=10"° p=10"2 p=10" p=1 p=2 p=10

adult 6 21 6+2.6 6+28 6+ 3.4 6474 6+11.6 6+12.3 6+12.2
thyroid_ann 21 231 21450 21+5.1 21+6.2 21486  21+19.0 21+ 24.6 21 +42.5
ibm 23 276 23+54 23458 23+71 234116 23+222 23 +28.4 23 +38.1
bank32nh 32 528 32+6.1 32481 32+109 32+121 32+ 184 324 25.5 32+449.7

communities_crime 102 5253 102+7.7 102488 102+11.0 102+23.3 102+497.5 102+ 130.2 102+ 255.3

Table 1: Mean number of measurements per trial (diagonal+off-diagonal). The column d(d + 1)/2
gives the total number of unique entries in the covariance matrix.

covariance structure and not just dimension. Appendix [E|compares PACE-GGM to a diagonal-only
(independent) baselines that only privatizes the diagonal, ignoring off-diagonal correlations: as
expected, it is competitive with PACE-GGM only on datasets with nearly diagonal covariance.

Together, these results show that PACE-GGM often improves upon data-independent methods
by measuring entries adaptively with respect to the dimension, budget, and underlying covariance
structure.

adult thyroid_ann ibm bank32nh communities_crime
(d=6) (d=21) (d=23) (d=33) (d=102)
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Figure 1: Mahalanobis error (top row) and Frobenius error (bottom row) for a selection of datasets
across d. PACE-GGM and baselines across privacy budgets p, with o = 0.3, 8 = 0.5. Datasets are
ordered by dimensionality d across three groups.

Frobenius Error

6 Discussion

Limitations PACE-GGM assumes continuous data with coordinate-wise bounds ||z||. < B.
As discussed earlier, if the modeler knows tight 5 bounds that are not much bigger than B, there
may be little advantage of measuring indvidual entries. Performance on heavy-tailed or strongly
non-Gaussian data has not been evaluated. The per-round cost is O(d?) in the worst case, which may
become limiting for very large d. The two hyperparameters a and 5 have robust defaults («=0.3,
£=0.5) and the method is empirically insensitive to their exact values in [0.1,0.5] x [0.1,0.5] (see
Appendix ), but no fully private selection procedure is provided. Finally, our experimental evaluation
focuses on SSP and AdaptiveCov; comparisons to additional baselines are left for future work.

Future directions Directions for future work include investigating theoretical bounds on the error
of the adaptive selection procedure and its performance for estimating of population parameters of
different statistical models. Computationally, a promising avenue is to develop a solver that uses
chordal embeddings of the sparsity graph to reduce running times relative to the dense solver; this
could allow scaling to very large d with sparse measurements.

7 Conclusion

We introduced PACE-GGM, a differentially private empirical covariance estimator that adaptively
selects which entries to measure based on the data. By combining the exponential mechanism for
entry selection, the Gaussian mechanism for measurement, inverse-variance weighting for repeated
measurements, and maximum-entropy PSD reconstruction, PACE-GGM concentrates its privacy



budget where most needed rather than spreading noise uniformly across all d(d + 1)/2 entries. The
{~,-ball assumption is natural for tabular data with clipped or normalized features and enables our
adaptive approach, since under this assumption the single-entry sensitivity is a factor of d/+/2 smaller
than full-matrix methods, allowing a method to measure a subset of entries much more accurately
than the full matrix. We proved that the algorithm satisfies p-zCDP via adaptive composition
and demonstrated consistent improvements over non-adaptive baselines across fourteen real-world
datasets spanning d € [6, 260], with gains most pronounced in the high-dimensional, low-to-moderate
budget regime that is most demanding in practice. PACE-GGM is suitable as a building block for
continuous synthetic data generation, filling a gap left by marginal-based methods that target discrete
or discretized variables.
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A Sensitivity analysis

In this Appendix, we derive the sensitivity bounds for the matrix 3(X) = l DD @z @OT under
{5 and /, ball bounding assumptlons We consider separartely the sen31t1v1ty of the full matrix, and
a single entry. Table[2] summarizes the sensitivity bounds.

Table 2: Sensitivity bounds for the matrix £(X) = £ 3" | 227 assuming either X = {z €
4 ||z]lo < B} (ice., foo bound) or X = {z € R? : ||xH2 < C} (i.e., £ bound).

{ bound /¢ bound
V2dB? V2C?

Full matrix

n n
, 2B? c?

Single entry — —
n n

A.1 Sensitivity of full matrix

The sensitivity is

Ay = sup |2(X) —=2(X)|r = sup ||—(vo? —uu’)
X~X/ v, u€EX F
where X’ is obtained from X by adding record v and removing .
Expanding the Frobenius norm and rearranging, we have
Ay = 1 sup Z(viv- — uiuy)?
N yuex i / ’
1
_ 2,2 2,2 Vs Uilhs
== yi?epx Z (vi vF +uiug — 2v;v; uzuj)
1 2 2 2
== sup (va) +(Zuf) fQ(Zviui)
N yuex i i P
1
=~ sup /lloll3 + uld — 2 (v-w)?
N yuex
1
< — sup /[Jvll3 + [Jull3.
N yuex

s (y-ball assumption. If we assume ||v||, [[u[2 < C, then \/[[v[|5 + [Jul|5 < VC* + C* = V202,

2
s0 Ay < \/ETC Further, assuming d > 2 all inequalities above are tight and the bound is achieved
when v = Ce; and v = Cle; for ¢ # j, where e;, e; are standard basic vectors. Thus

V2C?

n

Ay =

* (.-ball assumption. If we assume ||v||oo, ||u]|oo < B then ||v]2, ||ul|2 < C := v/d B, so by the
case above we have

V2dB?
—
This bound is tight when d is even and v = (B, B,...,B,B) and v = (B, B,...,—B, —B) with

d/2 entries of B and d/2 entries of —B, so that ||u|s = ||v||2 = V/dB and v - u = 0, making all
inequalities tight.

Ay <

12



A.2 Sensitivity of a single entry

The sensitivity of a single entry X, (X) for j # k can be written as

1
Asg,, = XSUE)(/ !Ejk(X') — ij(X)‘ = Suer ’vjvk - ujuk|
~ v,

where again X" is obtained from X by adding record v and removing record w.

* {y-ball assumption. If we assume ||v||s < C and ||u|2 < C, then for j # k,
c? c?

lvjor — ujug| < vjog| + |ujuk| < 5 T35 = C?,

where the bound is tight, for example, when v; = vy, = u; = —uy, = C/ /2. For diagonal entries
jJ = k, we instead have
|UJ2- — u?| <C?,

since v3, uF € [0, C?]. Therefore, for all entries,

2
N
' n

* {-ball assumption. If we assume ||v||o, < B and ||u||oc < B, then
lvjvr — ujur| < vjog| + Jujug| < B* + B* = 2B?
and the inequalities are tight when v; = vy, = u; = —uy = B, so

282
Azjk == T

B Proofs and analysis for the reconstruction problem

B.1 Properties of the maximum-entropy reconstruction

Proof of Proposition.1] Because the objective £(1V) depends only W, for (j,k) € S, we can
reformulate it as L(W) = f(ms(W)) where ms(W) = (Wjx)(j,k)es extracts the entries indexed by

2
Sand f(z) =X pes % for a vector z indexed by S. Then, by construction,
: 2,

W e argmin L(W) <= 7ng(W) € argmin f(z), Z:= {ng(W): W = 0}.
W>=0 z€Z

The problem on the right-hand side has a unique minimizer a because f(z) is strictly convex and Z

is convex. Therefore W € argminy .o £(W) if and only if 75(W) = a. In other words, the set of
minimizers of £(W) is exactly the set of PSD matrices whose entries in .S are equal to a.

The outer problem now becomes exactly Dempster’s covariance selection problem: find the PSD
matrix ¥ with maximum entropy such that ¥;, = a;, for all (j, k) € S. The result follows directly
from Dempster’s existence and uniqueness property; the required condition that there is a positive
definite matrix ¥ with 7g(3) = a is satisfied by our assumption that argminy, £(W¥) contains a
positive definite matrix and our characterization of this set.

B.2 Discussion of ill posedness

In most literature on covariance selection there is little discussion of the problem being ill posed. As
Dempster showed, as long as there is some positive definite matrix matching the specified entries, the
covariance selection problem has a unique solution. Since the original empirical covariance matrix
matches the specified entries, as long as this matrix is positive definite, the problem is well posed.

The situation is significantly different with noisy observations. To understand why, it is useful to
consider the alternate characterization of the minimizers of £(W) in the proof of Proposition [4.1]
The feasible set Z = {mg(W) : W > 0} is the set of all "PSD-completable" vectors z, i.e., those

13



such that there is a PSD matrix W with wmg(WW) = z. This is a slice of the PSD cone and is also a
convex cone. (See the closely related discussion of PSD-completable matrices in [27].) From the
form of the objective f, we see that the operation ¢ = argmin, ., f(z) computes a coordinate-scaled
5 projection of y onto Z, where y = mg(X) + noise. If the noise scale is large enough, it is very
likely that y falls outside Z, in which case the projection a will lie on the boundary of Z. A point a
on the boundary is such that every W with wg (W) = a is singular, meaning that every minimizer of
L(W) is singular. Thus, the reconstruction problem is ill posed: there is no unique solution, and all
minimizers have entropy —oco.

As a simple example, consider the case when S contains only indices of diagonal entries. Then
aj; = y;; V 0 for all j. If any y;; is negative we have a;; = 0, and every PSD matrix with this
diagonal is singular.

These considerations are largely resolved by our convention in Section [4.4]of defining the solution as
the limit of a sequence of entropy-regularized solutions. This gives the unique maximum-entropy
solution when the problem is well posed, and otherwise defines the desired solution in a princpled
way through the sequence of regularized problems.

B.3 Inverse-variance weighting for repeated measurements

Proof of Proposition The result follow from manipulating the obective to group terms by entry
and then applying Lemma [B.1] below.

Zot Jtke T )2
= Z > o Wik = 2)”

(4:k) t€Tk
= Z Nie(Wji = y)? + C
(4:F)
where A, = Zteﬂrjk o, % and yj; = ﬁ ZteTM o, 22;. The final line uses Lemma O
, T Lt

Lemma B.1. Y- w,(z — a,)* = (3, wy)(x — a)® + C where a := ZZ Y1 and C'is constant

with respect to .

Proof. Expanding the left-hand side:

qu(aﬁ —a,)? = qu(an —2za, + ag)
= xQqu — 21’quaq Jrquag
_ Z wqaq Z Wqlq
- (o) (o ()

(22, wqaq)?
+ wa? — =1 T 7
zq: 1 quq

2
where the constant C' = ) wqag — (g wata)” _ >, Wq(ag — @)? is independent of . O

C Solver

The IPM-CHOLESKY solver is outline in Algorithm 4]
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Algorithm 4 IPM-CHOLESKY

Require: Observations Obs, variances Var, initial barrier uo, reduction factor c,,, minimum barrier

Hmi

n, initial Lo and pg

Ensure: Maximum-entropy covariance estimate 3
1 < o

AN A S

while 1 > piin do

Set tolerance tol(u)

L < L-BFGS-B (¢, L) with tolerance tol (1)

M= Cpy

end while
return ¥ < LLT

> Coarser early, finer near fimin

D Datasets

We evaluate PACE-GGM on fourteen real-world tabular numerical datasets spanning a wide range

of dimensions and correlation structures:

Table 3:

Adult (d = 6) [4]
SeoulBike (d = 10) [lL]

LifeExpectancy (d = 15) [24]
BreastCancerWisconsin (d = 32) [31]
CommunitiesAndCrime (d = 102) [25]

From the TALENT benchmark [32]]: Parkinsons (d = 16), thyroid_ann (d = 21),
ibm (d = 23), pol_reg (d = 26), bank32nh (d = 32), ailerons (d = 33), spambase

(d = 57), indian_pines (d = 187), madeline (d = 260)

Dataset properties. |r|: mean absolute pairwise correlation. max |r|: maximum absolute
pairwise correlation. eog = ||Sof||%/||X||%: fraction of covariance energy contained in the off-
diagonal entries. rankeg: effective rank exp(—>_; pi logp;) of 3, where p; = v;/ >, v; and {v;}

are the eigenvalues of X.

Dataset d n Ir|  max|r| €off  rankes
adult 6 48,842 0.059 0.144 0.018 4.6
SeoulBike 10 8,760 0.203 0913 0.340 5.3
LifeExpectancy 15 2,864 0.398 0.954 0.656 5.1
parkinsons 17 5,875 0451 0.993 0.392 6.3
thyroid_ann 21 3,772 0.052 0.772  0.026 10.1
ibm 23 1,470 0.081 0.951 0.230 17.6
pol_reg 27 15,000 0.103 0.790 0.165 9.9
BreastCancerWisconsin 32 569 0.383 1.000 0.739 5.5
bank32nh 33 8,192 0.015 0.523 0.071 26.4
ailerons 34 13,750 0.152 0.999 0.746 7.3
spambase 58 4,601 0.064 0.996 0.069 8.5
communities_crime 102 1,994 0.245 0.996 0.895 17.2
indian_pines 187 9144  0.555 0.999 0.859 2.5
madeline 260 3,140 0.016 0991 0.248 201.2
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E Complete results

In this Section, we show results for add datasets, and include comparison to an independent baseline
that spends all privacy budget to release the diagonal but ignores off-diagonal correlations. This
baseline tends to perform well only in cases where the covariance is nearly diagonal, without dense
off-diagonal structure.
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Figure 2: Mahalanobis error (top row) and Frobenius error (bottom row) for all datasets. PACE-
GGM and baselines across privacy budgets p, with & = 0.3, 5 = 0.5. Datasets are ordered by
dimensionality d across three groups.

E.1 Number of measurements

Table @] shows the average number of measured entries for all datasets and p values.
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Dataset d D, —1071 p=10"3  p=10"2 p=10"" p=1 p=2 p=10

adult 6 21 6+ 2.6 6+ 2.8 6+3.4 6+74 64 11.6 6+12.3 6+412.2
SeoulBike 10 55 10 +3.8 104+9.7 10+ 16.0 104 21.8 10 +28.8 10 +30.3 10+ 37.1
LifeExpectancy 15 120 15+ 4.9 15+6.6 15+13.5 15+274 15 +43.7 15+ 45.8 15+61.4
Parkinsons 16 136 16 + 4.7 16 +4.4 16 4+ 8.4 16 4+ 19.6 16 +35.4 16 4+ 40.3 16 +55.9
thyroid_ann 21 231 21+45.0 21+5.1 21+46.2 21+ 8.6 214 19.0 214 24.6 21 +42.5
ibm 23 276 23 +5.4 23+5.8 23+7.1 23+ 11.6 234 22.2 23 +28.4 23+ 38.1
pol_reg 26 351 26 + 5.4 264+70 26410.3 26 +27.9 26 + 71.6 264 88.3 26+ 120.6
BreastCancerWisconsin 32 528 32+5.2 32+5.6 32+6.1 32+94 32+239 324275 32 +49.0
bank32nh 32 528 32+6.1 32481 324109 32+12.1 32 +18.4 32 +25.5 32 +49.7
ailerons 33 561 33+5.3 33+83 33+134 33 +26.1 33+53.4 33 + 58.6 33+95.8
spambase 57 1653 57+ 7.8 57T+78 57+8.5 57+8.1 57+10.9 57 +11.5 57 +16.9
communities_crime 102 5253 1024+ 7.7 102+88 102+11.0 102+ 23.3 102 +97.5 102+ 130.2 102+ 255.3
indian_pines 187 17578 187+ 10.1 187+ 18.8 1874479 187+199.2 187+ 372.5 1874410.2 187+ 518.0
madeline 260 33930  260+9.1 260+9.5 260+9.9 260+11.3  260+15.0 260+ 19.7 260+ 39.2

Table 4: Mean number of measurements per trial (diagonal + off-diagonal). The column d(d + 1)/2
gives the total number of unique entries in the covariance matrix (the maximum possible number of
measurements).

F Solver Findings

At each round, the privacy budget is allocated over a subset of variable pairs, defining a measurement
graph with one node per variable and one edge per observed covariance entry ;. The PSD
reconstruction is then solved over this graph.

We study two aspects of the solver: (i) the choice of optimization method, and (ii) the use of sparsity
via connected components.

IPM vs. PGD. We compare our maximum-entropy formulation, solved via an interior-point method
(IPM), to projected gradient descent (PGD) applied directly to the PSD projection problem. PGD
requires initialization for unobserved entries of the precision matrix; we consider two simple strategies:
filling these entries with O or 1.

Figure [3| shows that PGD is highly sensitive to initialization. While zero-initialization yields perfor-
mance comparable to IPM, one-initialization overall leads to increased error and runtime, particularly
in higher dimensions. In contrast, IPM consistently converges to a stable solution without requiring
initialization tuning. This supports our use of the maximum-entropy objective as a principled and
robust reconstruction method.

Connected components. When the measurement graph is disconnected, the PSD reconstruction
decomposes exactly across connected components. If the graph consists of components of sizes {d;},
the computational cost reduces from O(d®) to O (3", d?), without approximation.

Figure [ shows that leveraging connected components yields identical estimation error while consis-
tently reducing runtime.

Based on these findings, we use IPM with connected components as the default solver in all experi-
ments.
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Figure 3: Solver: IPM vs. PGD across five datasets. Each column is a dataset ordered by dimension
(d = 6 tod = 102). Top two rows: Mahalanobis and Frobenius covariance estimation error
(mean = std over 10 trials) as a function of the privacy budget p. PGD’s performance is dependent
on initialization, while IPM’s maximum-entropy approach converges reliably without need for
initialization tuning. Bottom row: total solver time per run (seconds). IPM is consistently fast and
stable across all budgets and dimensions, and we use it as the default solver throughout.

G Regression

As an application, we evaluate PACE-GGM for linear regression. We compare against ADASSP [29],
a widely used baseline that applies SSP to privately estimate the sufficient statistics X ' X and X "y,
and allocates part of the privacy budget to estimating the minimum eigenvalue for regularization. To
ensure a fair comparison, we follow the same budget allocation strategy, reserving one third of the
budget for regularization. However, instead of estimating sufficient statistics via SSP, we derive
them from the covariance matrix produced by PACE-GGM. A 80/20 train-test split is adopted for
evaluation. Figure [5|reports results on eight regression datasets. PACE-GGM achieves competitive
performance with ADASSP, in most cases slightly outperforming it, while remaining a more general-
purpose method, as it targets covariance estimation rather than a specific downstream task.

H Runtime

Table[3]reports mean total runtime per trial across all datasets and privacy budgets. For low-to-medium
dimensional datasets (d < 57), runtimes are well under 3 seconds even at p = 10, confirming that
PACE-GGM is practical across the full budget range. Runtime grows with both d and p: larger p
means more budget to spend, so the algorithm runs more rounds and measures more entries before
terminating. This interaction between d and p is not monotone in d alone — madeline (d = 260)
is paradoxically fast because its covariance is nearly diagonal (mean |r| = 0.016, effective rank
rank.g = 201), and the algorithm terminates after very few rounds. indian_pines (d = 187), by
contrast, is highly correlated (rank.g = 2.6), driving runtimes of thousands of seconds at high p as
many pairs remain informative across many rounds. All experiments were run on a machine with an
Apple M-series processor (10-core CPU, 10-core GPU, 16-core Neural Engine), 32 GB of unified
memory, and 256 GB SSD storage.
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Figure 4: Solver: IPM without connected components (no CC) vs. IPM with connected components
(CC) across five datasets. Each column is a dataset ordered by dimension (d = 6 to d = 102). Top
two rows: Mahalanobis and Frobenius covariance estimation error (mean =+ std over 10 trials) as a
function of the privacy budget p. The two approaches yield the same performance, with the connected
components feature allowing runtime speedup by leveraging sparsity of the measurement graph.
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Figure 5: Mean square error (MSE) of PACE-GGM and ADASSP, across p values ranging from
10~* to 10. Standard error bars are computed across 10 independent trials.
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Table 5: Mean total trial time (seconds) + SE across 10 trials for selected p values.

Dataset d p=10""* p=10"2 p=1 p=10

adult 6 0.05+0.01 0.054+0.01 0.134+0.01 0.164+0.01
SeoulBikeData 10 0.084+0.01 0.234+0.01 0.414+0.02 0.55+0.02
LifeExpectancy 15 0.12+0.02 0.284+0.04 0.95+£0.06 1.24+0.03
Parkinsons 16 0.124+0.01 0.184+0.02 0.68+0.05 1.10£0.05
thyroid_ann 21 0.144+0.02 0.19£0.02 0.35+£0.04 0.64+0.04
ibm 23 0.184+0.02 0.214+0.02 0.64+0.07 0.86=+0.06
pol_reg 26 0.164+0.02 0.244+0.02 190+0.13 2.76+0.10
BreastCancerWisconsin 32 0.194+0.02 0.20£0.03 0.90+£0.17 1.78+0.15
bank32nh 32 0.204+£0.02 0.38+0.03 0.57+0.09 1.524+0.17
Ailerons 33 0.18+0.02 046=+0.05 1.61+0.12 2.96=+0.15
spambase 57 0.344+0.04 0.374+0.04 0424+0.04 0.65+0.09
communities_crime 102 0.39+0.04 0.634+0.06 10.4+1.6 478 +2.8
indian_pines 187 0.70+0.07 8.01+2.22 27144+369 3117+ 697
madeline 260 0.83+0.11 0.844+0.11 1.28+0.10 4.16+0.32
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I Hyperparameters o and 3

In this Section we study hyperparameters o € (0, 1), the fraction of p reserved for diagonal initializa-
tion, and 3 € (0, 1), the fraction of the per-round budget allocated to the exponential-mechanism
selection step. We evaluate all nine combinations («, 3) € {0.1,0.3,0.5}2 on five datasets (Adult,
LifeExpectancy, IBM, Bank32nh, Spambase) across p € {107%,107%,1072,0.1,1,2, 10} with
five trials per setting. Results are in Tables

Effect of .. The optimal diagonal budget fraction exhibits interpretable dependence on p, consistent
with the theoretical role of each phase. At low budgets (p < 1072), @ = 0.5 wins in 8/10 cells: when
measurements are highly noisy, a well-conditioned diagonal initialization prevents wasted budget
on near-zero off-diagonal entries. At higher budgets (p > 0.1), o = 0.3 dominates for Mahalanobis
error, reflecting that off-diagonal structure becomes resolvable and warrants more investment. This
budget-regime dependence is exactly what one would expect from the algorithm’s design. We set
o = 0.3 as the default, as Mahalanobis error better captures accuracy for downstream inference.

Effect of 3. The results confirm the core design intuition: accurate entry selection is critical. 5 = 0.5
achieves the lowest Frobenius error in 25/35 datasetx p cells and 14/20 in the high-budget regime
p € {0.1,1,2,10}; («=0.3, 8=0.5) is the single most frequent Mahalanobis winner with 13/35
cells. Investing half the per-round budget in selection consistently pays off. We fix 5 = 0.5 for all
main experiments.

Robustness to hyperparameter choice. Crucially, performance is not sensitive to the exact choice of
(v, B): all combinations in (c, 3) € {0.1,0.3,0.5}2 remain competitive across datasets and privacy
budgets. Figure [§] shows PACE-GGM’s performance under all combinations of hyperparameters
« and f3, highlighting only a modest change in performance across datasets and p. This robustness
is practically significant — it means the algorithm does not require careful tuning or dedicated
hyperparameter search privacy budget. The default («=0.3, 3=0.5) is a reliable choice across
diverse settings.

Dataset p=10"%*  p=10"%  p=10"2 p=0.1 p=1 p=2 p=10

Adult (0.5,0.1) (0.3,0.5) (0.1,0.5) (0.1,0.3) (0.3,0.1) (0.1,0.1) (0.5, 0.3)
LifeExp. (0.5, 0.1) (0.3, 0.3) (0.1,0.5) (0.3,0.5) (0.3,0.5) (0.1,0.5) (0.1, 0.5)
IBM (0.5,0.5) (0.5,0.1) (0.5,0.5) (0.1,0.5) (0.3,0.5) (0.1,0.5) (0.1, 0.5)

Bank32nh (0.5, 0.5) (0.5, 0.5) (0.1, 0.5) (0.5,0.3) (0.1,0.5) (0.3,0.5) (0.1, 0.5)
Spambase (0.5, 0.5) (0.5, 0.5) (0.5, 0.5) (0.5, 0.1) (0.1, 0.5) (0.3,0.5) (0.1, 0.5)

Table 6: Frobenius error. Best («, 3) pair per dataset and p (5 trials each). Top winning combinations
by count: (0.1,0.5): 12; (0.5,0.5): 7; (0.3,0.5): 6.

Dataset p=10"%*  p=10"%  p=10"2 p=0.1 p=1 p=2 p=10

Adult (0.5,0.3) (0.5,0.5) (0.3,0.5) (0.1,0.3) (0.5,0.5) (0.5,0.1) (0.5, 0.3)
LifeExp. (0.5, 0.5) (0.5, 0.1) (0.1, 0.5) (0.1, 0.5) (0.3, 0.5) (0.1, 0.1) (0.3, 0.5)
IBM (0.3,0.5) (0.5,0.1) (0.3,0.5) (0.3,0.1) (0.3,0.5) (0.1,0.5) (0.3, 0.5)
Bank32nh (0.5, 0.3) (0.5, 0.3) (0.3,0.5) (0.1,0.1) (0.1,0.3) (0.1,0.5) (0.3, 0.3)
Spambase (0.3, 0.5) (0.3, 0.5) (0.3, 0.5) (0.5, 0.1) (0.3, 0.5) (0.1, 0.3) (0.3, 0.5)

Table 7: Mahalanobis error. Best (v, 3) pair per dataset and p (5 trials each). Top winning combina-
tions by count: (0.3,0.5): 13; (0.5,0.3): 4; (0.5,0.1): 4.
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Figure 6: PACE-GGM error under all nine combinations of (a, 3) € {0.1,0.3,0.5}2. SSP is
included as a baseline for reference. The performance is robust to the choice of v and /3, with minimal
performance changes.
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